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ABSTRACT 

In this paper we use the Gibbs-Tisza-Callen thermodynamic formalism. This formalism presents 

the concept of the fundamental equation which provides a full knowledge on all thermodynamic 

properties of a system, such as equations of state, thermodynamic coefficients, equilibrium 

conditions, among others. Furthermore this allows us to determine a set of procedures in order 

to obtain the system’s fundamental equation. We present an iterative sequence of suggestions 

in order to obtain the fundamental equation from equations of state, thermodynamic coefficients 

or other equations involving any combinations of variables. We conclude presenting two 

examples on how to obtain a fundamental equation for a system governed by the virial equation 

and by the perfect gas model. 

 

 

I. INTRODUCTION 

The Gibbs-Tisza-Callen formalism presents a deductive and axiomatic nature. This 

thermodynamic formalism started on Gibbs’ studies, often known as Gibbsian thermostatics, 

introduced a new approach in thermodynamics. These works achieve an elegant and economic 

way of expressing all classical thermodynamic principles on an equation on entropy, internal 

energy, volume and mole numbers of all intervening chemical compounds: the so-called 

fundamental equation of the system 1,2. 
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In this paper we briefly introduce the Gibbs-Tisza-Callen formalism defining in section II the 

intensive variables and thermodynamic coefficients in the energy and entropy schemes. 

Many authors obtain equations of state or other relations based on empirical assessments that 

translate the thermodynamic properties of a given system in a given range of conditions 3-5. 

However, according to Gibbs-Tisza-Callen formalism, it is of great importance to know the 

fundamental equation, because it summarizes all available information within a single equation 

that contains more than the initial disaggregated available equations. With the fundamental 

equation we are then able to determine all equations of state, the thermodynamic coefficients 

and the equilibrium conditions, thus obtaining a full knowledge on the system’s behavior. 

However obtaining the fundamental equation of a thermodynamic system is not always an easy 

task, once the available data is often acquired from empirical assessments. Thus this data leads 

to empirical models based on equations whose variables are necessarily external, like 

temperature, pressure and volume, among others. With these equations it is not straightforward 

to obtain a fundamental equation because they are not functions of internal variables like 

entropy or internal energy. However with the adopted formalism we developed a sequence of 

procedures in order to obtain the fundamental equation for systems with one component, in 

which the innovations proposed became paramount on simplifying these processes. This 

sequence is presented and justified in section III. 

In section IV we exemplify the sequence suggested with two different examples: 

a. obtaining the fundamental equation of a system governed by the model of virial. This 

model is very useful to understand the behavior of a real gas and is on the base of other 

more sophisticated models of pure fluids 6. 

b. obtaining the fundamental equation of system governed by the perfect gas model. This 

is a typical and simple model of gases. 

Furthermore in section V we present a wider set of examples that successfully verified the 

applicability of the method suggested and therefore constitute an empirical test of these 

procedures. 
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In section VI we summarize the main conclusions and ideas developed in this paper. We 

discuss how Gibbs-Tisza-Callen formalism simplify the method of obtaining the system’s 

fundamental equation. 

 

 

II. CONCEPTS AND DEFINITIONS 

The presented formalism is based on Tisza 1 and Callen 2. This formalism presents an axiomatic 

and deductive nature and provides a consistent mathematical approach to thermodynamic 

issues. 

According to this formalism the fundamental equation of a system can be denoted as a function 

of entropy , ,  or as a function of internal energy , , . Therefore as the 

intensive variables as well as the thermodynamic coefficients are first and second derivatives of 

the fundamental equation we will have two equivalent schemes: the energy scheme and the 

entropy scheme. Thus we present in Table I the definitions of internal variables and 

thermodynamic coefficients in accordance to each scheme for single component systems. Note 

that we use lowercase letters to denote the molar variables (for example, ). 
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Table I: Fundamental equation, equations of state and thermodynamic coefficients for systems 
with a single component. 

Level of 
differentiation  Energy scheme Entropy scheme 
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Specific heat at constant pressure 

 

1
1  

Specific heat at constant volume 

 

1
1  

Isothermal compressibility 

1
 

 

Isentropic compressibility 

1
 

 

Isobaric expansibility 

1
 

1  

 

In the process of obtaining the fundamental equation of a thermodynamic system it is often 

useful to apply the Maxwell relations that traduce important physical properties and that are a 

consequence of equal crossed derivatives 2. Therefore, we will consider the usual four Maxwell 

relations: 
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, , , . 

 

 

III. OBTAINING FUNDAMENTAL EQUATIONS 

Consider that the initial information are two equations of state ,  and ,  about a given 

thermodynamic system. It is evident that by direct integration one obtains two known functions 

,  plus two unknown functions for each one, i.e. , ,  and ,

, . These unknown functions are functions of the variable that is constant in the 

derivatives that define ,  and , . These unknown functions may be directly determined 

applying the variables’ separation method, allowing us to obtain the system’s fundamental 

equation (see Figure 1). 

 

 ,  

 , ,  , ,  

 ,  ,  

Figure 1: Example of obtaining a fundamental equation from two equations of state. 

To exemplify this separation method let us consider that we initially dispose from ,  

and , . Integrating these functions, we obtain 
3

 and 

. Equaling these equation for  and separating the variables we get 

. As two functions of different variables are only equal if they are a constant, we conclude that 

 and  with . Therefore we conclude that  is given by . Applying this 

equation to a reference state, we get , i.e. . Thus, we conclude that the 

fundamental equation is . 
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With this example we show the need of knowing at least two equations of level of differentiation 

1 to obtain the fundamental equation. Otherwise knowing only one state equation would be 

insufficient to determine the unknown function given by the integration process. 

Obtaining fundamental equations from equations of state or thermodynamic coefficients 

assumes integration procedures because these functions are respectively the first and second 

derivatives of the fundamental equation. However simple integrations are usually not enough to 

obtain an explicit fundamental equation because available information can involve extensive 

and/or intensive variables in many different combinations. To obtain the fundamental equations 

one must take into account the level of differentiation of the variables presented in the available 

equations as well as the nature of these variables and their combinations. 

We will now consider a more complex example (see Figure 2). Suppose that we have , , 

,  and ,  as the initial available information. 

1 ,  

2 , ,   , ,  

3 ,   ,  

4 ,  ,   

5      

6      

7 , ,   , ,  , ,  , ,  

8    ,  ,  

; ;  

9 ,  ,  ,    

Figure 2: Example of obtaining a fundamental equation from three thermodynamic coefficients. 
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With the three thermodynamic coefficients we determine directly the remaining two,  and  

(line 8), using two of the three presented relations. We integrate these thermodynamic 

coefficients obtaining functions that depend in an unknown way of the variables that are kept 

constant in the definition of each thermodynamic coefficient (line 7). Note that we did not 

represent on Figure 2 the integration process of , because the information provided by this 

integration is unnecessary to obtain the fundamental equation. 

Afterwards we are able to determine directly the unknown functions ,  and 

consequently , , because the volume functions , ,  and , ,  (line 7) were 

obtained from thermodynamic coefficients that correspond to partial derivatives with the same 

independent variables (  and ). We cannot determine directly the remaining unknown 

functions  and  because the thermodynamic coefficients  and  do not have the 

same independent variables. However these functions can be obtained deriving the functions 

that resulted from the integration process (line 7) in order to the variable that was constant in 

the thermodynamic coefficient it was obtained from (line 6). Then, if necessary, we use the 

Maxwell relation to transform these expressions into other derivatives (line 5). This procedure 

allows us to obtain new equations and combinations for the partial derivatives with the same 

independent variables providing us enough information in order to determine the function ,  

(line 4). We had to relate obtained equations to all useful information previously determined to 

obtain an explicit equation for , . Finally, we integrate these equations following a similar 

procedure to the one on the first example (lines 3 to 1). 

This example shows the need to relate all available information and all equations to find out 

unknown information and the need to integrate whenever possible all available partial 

derivatives. This example also illustrates the occasional need to derivate first level derivatives in 

order to obtain the fundamental equation. This step is crucial because it provides new 

information that allows us to find the unknown functions that resulted from the integration 

process. However we did not need to derivate second level derivatives due to the relations 

among thermodynamic coefficients. 

The complexity of the procedure to obtain a fundamental equation is strongly related to the 

nature of the variables presented in the available equations. However the basis of the method 
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followed to obtain the fundamental equation is the same, i.e. the resolution of a system of partial 

differential equations subjected to all available information and the constraints from intensive 

variables and definition of thermodynamic coefficients. 

Due to the diversity among the empirical information that might be available it becomes 

impossible to set up a clear method which necessarily results in obtaining the system’s 

fundamental equation. However a set of recommendations in order to obtain the fundamental 

equation should take into account the following goals by order of relevance: 

a. decrease the level of differentiation of the variables, through integration processes; 

b. determine the unknown functions that result from the integration processes, given that 

we are integrating partial derivatives. 

In order to reach these general goals one needs to apply the following procedures by order of 

priority: 

a. integrate, whenever possible, all partial derivatives; 

b. determine the resulting unknown functions by comparing partial derivatives with the 

same independent variables; 

c. derive the equations that resulted from the integration procedure in order to the variable 

that was constant in the initial partial derivative and use the Maxwell relation to 

transform these derivatives into others; 

d. obtain all possible partial derivatives from all available equations and use the Maxwell 

relation to transform obtained derivatives into other derivatives; 

e. obtain the thermodynamic coefficients by applying the Maxwell relation to the available 

partial derivatives; 

f. obtain thermodynamic coefficients from relations among thermodynamic coefficients. 

These procedures guarantee the presented goals and their order of relevance. However they 

should be complemented with permanent substitution and relation of all available information at 

each moment. 

Furthermore the sequence of procedures presented (see Figure 3) can be used to compose an 

algorithm to obtain the fundamental equation of a single component system: 
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1. Integrate, if possible, all available partial derivatives, taking into account that: 

a. If two partial derivatives with the same independent variables are integrated, then 

the equations obtained can be compared in order to determine the unknown 

functions. 

b. If the partial derivatives do not share the same independent variables then derivate 

the equations obtained in order to the variable that was constant in the initial partial 

derivative. If possible, use the Maxwell relation to transform the partial derivatives in 

other derivatives. 

c. If step 1 b was performed and if other equations involve thermodynamic 

coefficients, use their definitions and, if necessary, use Maxwell relations to obtain 

other thermodynamic coefficients from partial derivatives obtained in step 1 b. 

Execute step 2 only if it was impossible to perform step 1. 

2. If the available information does not include thermodynamic coefficients, obtain other partial 

derivatives taking into account that: 

a. The Maxwell relation can be used to transform partial derivatives in other 

derivatives. 

b. If other equations involve thermodynamic coefficients, use their definitions and, if 

necessary, use Maxwell relations to obtain other thermodynamic coefficients from 

partial derivatives obtained in step 2. 

Execute step 3 only if it was impossible to perform step 2. 

3. If the available equations contain thermodynamic coefficients, use the following relations in 

order to obtain other coefficients (note that only two of these equations are independent). 

   ;       ;     

Execute step 4 after each previous step (1 to 3) successfully achieved. 

4. Substitute the equations obtained in the equations that were previously available or 

rearrange existing equations in order to obtain new equations, unknown functions or the 
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fundamental equation. If the fundamental equation is not obtained, resume step 1 

considering all supplementary information. 

 

 

Figure 3: Scheme representing the proposed method. “Yes” and “No” are answers to the question 
“Was this step successfully performed?”. 

 

 

IV. OBTAINING A SYSTEM’S FUNDAMENTAL EQUATION 

A. Virial equation 

In this example we show how to obtain the fundamental equation of a system governed by the 

model of virial, following the procedure presented in section III. 

The virial equation (Eq. (1)) translates the behavior of real gases. 

  , 

(1) 

Step 1

Step 2

Step 3

Step 4

NO

NO

NO

YES

YES

YES
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In this equation , , , … are the second, third, fourth virial coefficients. Note that by definition 

the first virial coefficient is equal to 1 ( 1) 7. In this example we will consider that all virial 

coefficients are constants and therefore temperature independent. 

Also all real gas models should reduce to the perfect gas model when we have an infinite 

volume or null pressure implying that 

lim 0   
(2) 

and 

lim 0  , 
(3) 

where  and  denote respectively the molar entropy and the molar internal energy of the 

perfect gas, given by: 

  ln ln   , 

(4) 

  . 

(5) 

Thus we will consider equations (1) to (3) as the available initial information about the system 

and apply the suggested sequence of procedures to obtain the fundamental equation. We 

indicate in the left side the step that is being performed. 

1. We verify that is impossible to integrate the equation of state (1). Note that the 

definition of pressure imposes an integration in order to  with constant , so we 

should have , . However we have ,  which makes it impossible to 

integrate this function. 

 On the other hand if we rearrange the equation of state (1) in order to , we obtain 

, . Considering the definition of  we should have ,  to integrate 

making the integration process also impossible. 

2. We can obtain at least two derivatives from Eq. (1): 
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  , 

 . 

2 a. We apply the Maxwell relation  only to the derivative  because it is 

the only one where it is possible to substitute one of the Maxwell relations, concluding 

. 

(6) 

4. As it is impossible to substitute any new information in existing equations, it is not 

useful to perform step 4. 

1. However, it is now possible to successfully integrate Eq. (6) obtaining, 

ln   . 

(7) 

1 b. Deriving this equation in order to , we obtain 

  . 

4. Substituting in Eq. (2)  by Eq. (7) and  by Eq. (4), we obtain: 

ln ln ln  . 

(8) 

 Replacing  in Eq. (7),  

ln ln   

 and solving in order to , we get 

 exp
ln ∑

  . 

(9) 
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1. Integrating Eq. (9) we obtain 

 exp
ln ∑

 , 
(10) 

 and replacing  by Eq. (9) we get 

  . 
(11) 

1 b. Then, we derive Eq. (10) to obtain 

 exp
ln ∑

 . 

(12) 

4. Comparing Eq. (12) with Eq. (1) we conclude that 

   , 

 i.e. 

0 , 
(13) 

 implying that  is a constant, . 

 We now use Eq. (3) to determine 0  . 

 Substituting this in Eq. (10), we finally obtain the fundamental equation , : 

 exp
ln ∑

  . 

 This equation can be inverted and written in order to the entropy to obtain the 

fundamental equation , : 

ln ln   . 
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B. Perfect gas model 

In this second example we will demonstrate how obtain a generic fundamental equation of a 

system characterized by initial information involving thermodynamic coefficients: 

  , 
(14) 

  , 
(15) 

lim 0  . 
(16) 

Indicating in the left side the corresponding steps that are being performed, we present in Table 

II how to apply the suggested sequence of procedures. 

Table II: How to obtain a generic fundamental equation from equations (14) to (16). 

Step Do what? To obtain 

1 Integrate  from Eq. (14). 
ln  

(17) 

1 b Derive Eq. (17) in order to : . 
 

(18) 

4 Rearrange Eq. (17) to obtain , . 
exp  

(19) 

2 

Derive Eq. (19) in order to : . 
1
exp  

(20) 

Derive Eq. (19) in order to : . 
exp  

(21) 

4 

Replace Eq. (19) in Eq. (21). 
 

(22) 

Solve Eq. (22) in order to . 
 

(23) 

Replace this equation in Eq. (17). 
ln  

(24) 
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Step Do what? To obtain 

4 

Replace  by Eq. (18). 
ln  

(25) 

Calculate  from Eq. (25). 
 

(26) 

Calculate  replacing  from Eq. (26) in Eq. (15). 
 

(27) 

1 Integrate  from Eq. (27). 
ln  

(28) 

1 b Derive Eq. (28) in order to  and apply the 
generalized Maxwell relation. 

 

(29) 

1 c Consider the definition of . 
 

(30) 

4 Solve Eq. (30) in order to . 
 

(31) 

1 Integrate  from Eq. (29). 
 

(32) 

1 b Derivate Eq. (32) in order to : . 
 

(33) 

4 

Replace  from Eq. (32) in Eq. (16). 
0 

(34) 

Replace this result in Eq. (32). 
 

(35) 

Replace this result in Eq. (31). 
1

 

(36) 

Replace this result in Eq. (31). 
1

 

(37) 

Replace  from Eq. (18) in Eq. (37) and separate 
variables. 

 

(38) 

Apply to Eq. (38) the variables’ separation method in 
order to determine these unknown functions. 

 

(39) 

 

(40) 

1 Integrate  from Eq. (39). 
ln  

(41) 
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Step Do what? To obtain 

1 Integrate  from Eq. (40). 
ln   

(42) 

4 Replace the function  from Eq. (41) in Eq. (17). 
ln ln  

(43) 

 

 

 

V. EMPIRICAL TEST OF THE METHOD 

The proposed method for obtain fundamental equations for systems of a single component was 

successfully verified for the examples presented in Table III. These results show a wide range 

of applicability of the method. 

Table III: Successful examples in obtaining the fundamental equation for systems with a single 
component following the method proposed in section III. 

Initial information Fundamental equation 

3
 

 
 

 
 

√
2 √ 2

 

 
 ln

1
ln

1
 

   
 

lim 0 
ln ln  

model of virial 

 

lim 0 
lim 0 

ln ln  
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Initial information Fundamental equation 

model of van der Waals 

 

lim 0 
lim 0 

ln
1 1

 

 

The method proposed in section III can be easily adapted to multicomponent systems. 

However, it is beyond the scope of this paper to explore a method for obtaining the fundamental 

equation for multicomponent systems. 

 

 

VI. CONCLUSIONS 

The fundamental equation of a thermodynamic system is fundamental because it summarizes 

all information on the system’s behavior in a single equation. The consistent mathematical 

approach provided from Gibbs-Tisza-Callen formalism allowed us to build a sequential method 

to obtain the fundamental equation for a single component system. 

This proposed procedure has been verified with a wider range of examples, allowing us to 

obtain, as far as we know, some new results, like for example the fundamental equation from 

the virial equation with constant coefficients. This is an important result because it traduces the 

behavior of any gas. 

Our method also allowed us to determine the fundamental equation from the van der Waals 

equation of state already determined by Callen 2 who argued that it was an arbitrary result. 

However by using the proposed procedure we concluded that this is a consistent and logical 

result because we only used the equation of state and the assumption that the van der Waals 

model should reduce to the perfect gas model with an infinite volume or a null pressure. 
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